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FRANK RHODES

ABSTRACT. A block map is a map f: {0, 1}" — {0, 1} for some n = 1. A block map f
induces an endomorphism £ of the full 2-shift (X, o). Composition of block maps is
defined in such a way that (fo g),, = f, © 8- In this paper some recent results
concerning the set {g| g o f = f g} for certain types of block maps f are extended.

It has been shown [2, Theorem 3.4] that the endomorphisms of the shift dynamical
system over {0, 1} can be studied via block maps. An n-block is a sequence b,...b,
where b, € {0,1} for 1 <i<n, and an n-block map is a function from the set of
n-blocks to the set {0,1}. Two endomorphisms commute if and only if the
corresponding block maps commute. There is a 1-1 relationship between n-block
maps and polynomial functions in n variables over Z, [2, Theorem 19.1]. The
commuting block maps problem has been solved in [1] for linear block maps and for
block maps with polynomials of the form

k
f(xgs-eerxy) = xo + _[Il (x; +39,),

k =2, where §,...8, is a k-block which is independent of the variables. It is shown
that if the least period of 8,...8, is no greater than 3k then the block maps which
commute with f are the powers cf f, while if the least period of §,...8, exceeds 3k
then a block map commutes with f if and only if it is the sum of an odd number of
powers of f. The first step in the proof of these results is to establish the Sums of
Powers Theorem which states that if g commutes with f then it is the sum of an odd
number of powers of f. The Sums of Powers Theorem is proved in [1] for block maps
f(xgs..0sx) = xg + ¢(xy,...,x;,), k=2, for which the full product x,...x, is a
summand of ¢(x,,...,x;).

It is clear that the Sums of Powers Theorem cannot hold for a block map f which
is itself a power of some other block map. In this paper I isolate a property of block
maps which are linear in the first variable and prove that for each such block map f
no power f”, n = 2, has that property, while if f does have that property then a form
of the Sums of Power Theorem holds for f. As a corollary, the complete solution of
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the commuting block maps problem obtained in [1] is generalized to block maps
with polynomials of the form

k
f(xgreonxpi) =x+ Il (x,, +8), k=2,m=>1.
i=1

The formal definition of the property will be given later in terms of operators on
block maps of the type introduced in [1]. Here the property will be illustrated in the
more familiar polynomial notation. Given a polynomial which is linear in the first
variable one can write it in a form which shows the initial linear terms, the first
nonlinear variable with its quotient, and the remainder. For example,

Xot x5+ x4+ x5(x5 + X5 + XgX g F Xgx, F XgX10X13) F X6+ XoXg + X4

has x5 as its first nonlinear variable with quotient x; + x,, + xgx,o + Xxgx,; +
Xg¢X,0X,; and remainder x4 + x;x4 + x,,. This quotient can be written as

X7+ xg(X10 + X1y F X10X13) + X,

to show its first nonlinear variable x4 with quotient x,, + x;; + x,yx,; and remainder
X,- Again this quotient can be written as

xIO(l + Xn) +xy

to show its first nonlinear variable x,, with quotient 1 + x,; and remainder x,,. In
this case x5xqX,, is a product with the following properties. It starts with the first
nonlinear variable of the function. Each subsequent variable is the first nonlinear
variable in the quotient of the product of the previous variables. Finally, the
quotient of the whole product is linear. Such a sequence x, x, ...x, is defined
uniquely for each function. The property used in this paper is that s, — s, <'s, for
all i such that 2 <j < n. In the example, 9 — 5 <5 and 10 — 9 < 5. We conclude
from the theorems to be proved that this block map is not a power of any other
block map and that each block map which commutes with it differs by at most a
constant from a sum of an odd number of its powers.

1. Preliminaries. The results of [1] will be referred to by their two place reference
numbers. Some small changes in terminology will be noted later. The notation of [1]
will be used throughout. For the convenience of readers some of the definitions and
results of that paper will be repeated here. Those marked with an asterisk are simple
generalizations of the results presented in [1]. On many occasions in this paper there
will occur pairs of block maps which differ only by a constant. To ease the
presentation of some of the results and proofs I introduce the notation f =~ g to mean
f+gez,.

The set ¥, is the set of all n-block maps, i.c., maps from the set of sequences of
length n (with entries in Z,) to Z,. The map I/ € ¥, is defined by I(x)) = x,. If
fe€%, g€, then f+g€YF,, f g€ Y, where N = max(m,n), and
fog€Y, ., - Wehave

(g+h)of=(gef)+(hof), (g-h)of=(gof)-(hef).
If f€ 9, then Tf€ Y,,,, Of € 9,_,, Rf € F,_, are defined by
Tf(OB) = Tf(1B) = f(B), Qf(B) = f(0B) + f(1B), Rf(B) = f(OB). The left extent
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of f is A(f)=max{n|f=T"""g for some g}. The right extent of f is
p(f) = min{n|f € %,}. A block map such that A(f) = p(f) is said to be trivial.

MAN@T(f+g)=Tf+ Tg.

®)T(f-8)=Tf- Tg.

©T(gef)=Tge f=goTf.

(f)f = gif and only if Tf = Tg.
[1] (1.3) Suppose f is not constant and f € ¥,. Then

@NMTf)=NMf) + L, p(Tf)=p(f) + L.

) 1<A(f)<p(f)<n

(c) f = TM)~'h for some h with A(h) = 1.

(e) p(f + g) < max{p(f), p(g)}. Equality holds if p(f) # p(g)
MEDH@QO(f+8)=0f + Qg.R(f+g)=Rf+ Rg.

(b) QT =0.

(¢) RTf = ffor all .
[1] (2.2) If f is not constant, then p(Qf ) < p(f) — 1.
(11 (2.3) f = I - TQf + TRf and the expression is unique.
[1](29)*1f Qg € Z, then Q(f° g) = Qg - (Qf ° ).
The set £, is the set of block maps f such that Of = 1,i.e., f = I + TRf.
IffeC, thenR(geo f) = Rf-(Qg° f)+ Rgo f(see proof of [1] (2.9)).
[1](2.10) If f € £, and g is not constant then p(g o f) = p(g) + p(f) — 1.
[1] (2.1D)* If f € £, is nontrivial and g o f ~ g, then g is constant.
The quotient and remainder operators Q and R will be generalized as follows.
Iff€ % defineQ,f€Y, ;andR,fEYF, ., 1 <i<n,by

Qif(xi+l"""xn) :f(Oi—],O, xi+l"",xn) +‘f(0i_],1, xi+1,...,Xn)
and
Rif('xH-]""’xn) :f(Oi» x1+]’~~~,xn)-

Here 0’ stands for a block of 0’s of length i.
The properties of Q; and R, listed below follow easily from the definitions.

(1.1) LEMMA. () 9, = Q, R, = Rand R, = R".

(b) Q, and R, are additive, ie., Q(f+ g)= Q,f+ Q.8 and
R(f+g)=R,f*+ Rz

© QR f= Q4. [

@ Ifi—k>0andj— k>0 then Q,T'f = Q,_ T/ 7.

©

Jf— Qi—jf» J<i,
Ty {0, j=i.

A block map ¢ will be said to be linear in the first s — 1 variables if and only if
0,4 € Z, whenever 1 <i<s — 1. The condition can be written also as p(Q;¢) = 0
whenever 1 < i< s — 1. Note that some modification of the terminology of [1] is
involved here. In this paper f will be said to be linear in the first variable if
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0,9 € Z,. Nevertheless, the notation £, introduced in §2 of that paper will still
denote the set of block maps f for which Qf = 1, i.e., block maps of the form

f=1+ TRf. It follows from [1] (2.3) that if ¢ is linear in the first s — 1 variables
then

¢=al+---+a,_ T I+T 'R,_¢
=al+- - +a,_ T2+ T '1-TQ¢+ TR,

and given s these expressions are unique.

A block map is said to be linear if it is linear in all its variables. With the
operations of addition and composition, the set of all block maps ¥ satisfies all the
axioms for a ring except the right distributive law. An example is given in [1] for
which ho (f+ g) # ho f+ h o g. However, the following is true.

(12) LEMMA. If h is linear, i.e., h=a,+ 3", aT" ', then ho(f+g)
=hof+hog+a,.

(1.3) LEMMA. If h is linear and not constant then h o f ~ h o g implies f ~ g.

PrOOF. Let ho f+hoge& Z,. Then by (1.2), ho(f+ g) €Z, so that
plho(f+ g)]=0. 1If p(f+ g) >0, the conditions on h ensure that
plho(f+ g)=ph)+p(f+g) —1>0. The contradiction proves that
ftgez,.

(1.4) LEMMA. Let ¢ be linear in the first r — 1 variables and  be linear in the first
s — 1 variables with r =2 and s = 1. If r = s then ¢ o Y and { o ¢ are linear in the
first s — 1 variables. If r > s then

O(¢oy) =016 04, O(¥°9)=06(Q¥°9).

If r = s then

0(¢°¥) =019 0¥+ QW(Q9°Y).

PROOF. Let

¢=al+ - +a,_ T +T 'R, ¢
and

y=bl+ - +b_ T+ T 'R_\.
Then

pov=ay+ - +a,_ T+ TR poy.

Thus

Q(poy)=a @+ - +ar—lQiTr‘2‘P + Qi(Tr_er—l¢ ° ‘1’) €7,
fi<s—1<r—1Ilfs=r
O (do¥) =a Q¥+ ab_, + - +a,_ b+ QR _19°¥).
By [1] (2.9)* we have
QUR,_p°y) = QW(Q\R, d° V).
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Thus if s=r, Q(¢°y) =~ 09 - Qb+ Q(Q°y) If s<r then
QT 'R,_1¢9°¢y)=0and Q($°¥) ~ Q¢ - Q.¥. Also

Yyoo=b+ - +b T2+ T 'R_ppo9,
and
0(¥°¢) = b0+ - +b_ QT %+ QT 'R,y o ¢) € 2,
ifi<s—1<r—1.Ifs<rthen

0,(¥o¢) =0, (T 'R,_\¥o9)=06(Q¥°9).

(1.5) LEMMA. Suppose f € £, and Rf is nonconstant and is linear in the first s — 1
variables. If  + ¢ o fis linear in the first t — 1 variables, and t < s, then ¢ is linear in
the first t — 1 variables.

PROOF. If ¢ + ¢ o f is linear in one variable then Q¢ + Qi(¢p° f) = Q¢ +
Q¢ ° f € Z,. Thus by [1] (2.11)* Q¢ € Z,. Suppose ¢ is linear in the first r — 1
variables with r < 1, i.e, ¢ = b+ --- +b,_,T" 2 + T""'R,_,¢. Then

09+ 0(¢°f)=09+Q0°fEZ,.
Hence Q,¢ € Z,. It follows that ¢ is linear in the first # — 1 variables.

(1.6) LEMMA. Suppose f, g € £,, and Rf and Rg are nonconstant and linear in the
first s — 1 variables. If ¢ is linear in the first t — 1 variables, and t < s, and

¢t oogtyt+tyefEZ,
then { is linear in the first t — 1 variables and
Qo+ Q9og+ 0¥+ QyefELZ.
If also ¢ is not linear in the first t variables then y is not linear in the first t variables.
PrOOF. By [1] (2.9)* we have
09+ Qg+t Q¥+ Qe fELZ.
Then Q¢ € Z, implies Q¢ + Q¢p°og=0 so that Q¢+ Qo fEZ, and

Q¥ € Z,. Suppose ¢t — 1 =1 and ¢ is linear in the first » — 1 variables where r <.
Then

Qr¢+Qr¢°g+ Qr¢+ Qr‘PoerZ'
Since Q,¢ + Q,¢ ° g € Z,, it follows again that Q¢ € Z,. Thus ¢ is linear in the
first ¢+ — 1 variables and

Q¢+ Qcg+O¥+Q¥efEZ,.
Again Q,¢ € Z, if and only if O,y € Z,.

(1.7) LEMMA. Suppose f, g € £,, and Rf and Rg are linear in the first s — 1
variables, and that p(Q,Rg) > p(Q,Rf) > 0. If ¢ is linear in the first r — lvariables
but not the first r variables for some r > s and

dtoogtytyefEZ,

then { is linear in the first t — 1 but not the first t variables for some t such that
s<ts<r.
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PROOF. Since ¢ is certainly linear in the first s — 1 variables, it follows from (1.6)
that y is also linear in the first s — 1 variables and
Q5¢+Q:¢Og+Qx¢+Qs¢ofEZZ'
Now Q¢ is also constant, so Q¢ + QYo f € Z, and Q. € Z,. Thus, by Lemma
(1.4)
Q19+ Qui(dog) + Qi+ 0, 1(¥ef)
=019t Q11908+ Q90,118

TO Wt Qe fHOW- 0 fEZ,.
Two cases are easily dealt with. If Q,¢ = 1 and p(Q,, ,¢) = 0, then

p(Qur v+ Qoo f+0OW- 0. f) =p(Q,4,8) >0.

The assumption that p(Q,, ,¢) = 0 leads to the contradiction p(Q\¢ - Q.. ,f) =
p(Q,418) > p(Qy4 1 ) If p(Q 4 19) > 0, then

P(Quev+ Qo f+H QW 0 f)=p(0,419) +o(g) — 1.
The assumption that p(Q,, ;) = 0 leads to the contradiction

P(Ql‘l’ : Q_v+lf) = P(Qs+|¢’) +p(g)—1> P(Qs+1g) > P(Qs+1f)-

Thus in both these cases ¢ is linear in the first s variables but not the first s + 1
variables.
In the remaining case Q¢ = 0 and p(Q,, ,¢) = 0, so that

Qv+t 0 e fHOY- -0, fEZ,.
If p(Q, . ¥) > O then
p(Qs+l¢o f) = p(Qs+|¢) + p(f) - 1 = p(Qs+l¢+ QI‘P . Qx+lf)

< maX{P(Qﬁl‘l/)’ P(Qs+|f)}'

The contradiction shows that p(Q, . ,¢¥) = 0 and consequently Q,y = 0. It follows
that ¢ = TR¢ and y = TRy, and that

R¢+Rpog+ Ry + RyofEZ,.
Since R¢ and Ry are linear in the first s variables,
O, iRo+ 0, ((Rpog)+ QO \RY+ Q. (RYof)EZ,.

We may now apply the three cases to R¢ and Ry. If Q,R¢ = 1 and p(Q,, ,R¢) = 0,
or if p(Q,, R¢) >0, then p(Q,, RY) = p(Q,,,¥) >0, so that ¥ is linear in the
first s+ 1 variables but not the first s + 2 variables. If Q,R¢ =0 and
p(Q,, Rp) =0, then p(Q,, RY) = 0 so that ¢ and ¢ are linear in the first s + 2
variables, and the argument can be repeated. The assumption that p(Q,¢$) > 0 for
some r > s guarantees that for some ¢ for which s <t < r one of the first two cases
applies to Q_, R, _, ¢ = Q,¢ and that  is linear in the first # — 1 but not the first
t variables.

2. A property of powers of block maps. A block map ¢ will be said to be linear
relative to r\, r,,...,r, if ¢ is linear in the first r, — 1 but not in the first r, variables,
and for each i for which 1 <i<n the quotient Q,...Q, Q,¢ is linear in the first
., — 1 but not the first 7, | variables. Note thatr, = 1 for 1l <i <n.
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For each nonlinear block map ¢ there is a unique sequence r,, r,,. .., r, such that ¢
is linear relative to that sequence and @, ...Q, 0, ¢ is a nonconstant linear block
map. In this paper I study the property that r, < r, for all i such that 2 <i<n (or

n=1).1ffEL, let CX(f)=({g€EL,|gof=fog})

(2.1) PROPOSITION. Suppose f € £,, and Rf is linear relative to r, r,,...,r, where
rr<r for2<i<n(orn=1).1Ifg€ C*fand Rg is nonconstant, then Rg is linear
relative tor, r,,...,r,. Moreover, for 1 <p <n,

Q,...0.0,Rg+Q,...0,0,Rege |
+0,...0,0,Rf +0Q,...0,0,Rf g € Z,.

PrROOF. Certainly g € ££,, and
Rg+ Rgof+ Rf+ Rfog=0.
Now Rf is linear in the first variable if and only if Q,Rf € Z, which occurs if and
only if Q,Rg € Z,. Suppose Rg is linear in the first i — 1 variables with i < r,. Then
Rf o g is linear in the first i variables. So by (1.5) Rg is linear in the first i variables.
Hence Rg is linear in the first 7, — 1 variables and

erRg + erRg ° f+ Qr]Rf+ erRfo g € ZZ'
Since p(Q, Rf) > 0 and p(g) = 2 we have p(Q, Rg) > 0. Thus Rg is linear relative
to r,. Suppose that Rg is linear relative to r,, r,,...,r,, where p <n, and suppose
that
Q,...0,0,Rg+0Q,...0, 0, Rg° |
+Qr“’ . QerrlRf + Qr“' . QrZerRf °g € ZZ'

By (1.6), Q,..-0,,9, Rgis linear in the first 7, ., — 1 but not the first 7, , , variables
and p can be replaced by p + 1 in the inductive assumptions. Thus Rg is linear
relative to r, r,,...,r,.

(2.2) PROPOSITION. Suppose f € £, and Rf is linear relative to r,, r,,...,r, where
rr<rfor2<i<n-—1landr,>r (orn=2andr,>r)). Then for each v = 2, Rf"
is linear relative to r\, r,,...,r,_\, s, withr, <s,<r,.

PROOF. Since f” € C*(f), it follows from (2.1) that Rf” is linear relative to
risry,...,r,_;. Putting w =1 and p =n — 1 in the final conclusion of (2.1) we
obtain

Q. Rf”+ Q,Rf"o f+ Q,Rf+ Q Rfe f* € Z,
and
Q. - 9.0R"+Q, ...0 0 Rf"cf
+Q, -.-0, 0, Rf+0Q, ...0,.0 Rfef"€EZ,.
The first of these gives
p(Q.Rf* + Q,Rf* = f) = p(Q,Rf + Q,Rf )
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and so
p(Q.Rf*) +o(f) —1=p(Q,Rf) +p(f*) - 1.
Thus
p(Q.Rf*) + o(Rf) = p(Q,Rf) + vo(Rf)
and

p(Q.,Rf*) = p(Q,Rf) + (v = Dp(Rf) > p(Q, Rf) > 0.
The result then follows from (1.7) with
Qr,,,,' . 'QerrlRf: ¢ and Qr,,Al' . ‘QerrlRfV = 4/'

(2.3) Notation. For the rest of this section and the next f € £, is a function with
p(Rf) =p and Rf is linear relative to r, r,,...,r, with r, =1 and r,<r, for
1 <i<n(orn=1). The operator Q,...Q, O, will be abbreviated to Q.

It is assumed also that QRf=T'"'I+ T'9, =1, where # is linear and
p(2Rf)=m=1.

Given such a block map f, we define an operator L on the set of block maps as
follows:

Ly =2y +2¢o f+TY.

The operator L is additive.

(2.4) PROPOSITION. If g € C*( f) and Rg is nonconstant then Rg is linear relative to
Fis Iys-..sr,and LRg + T'*'9 o Rg € Z,.

PRrROOF. By (2.1) we have

QRg+ 2Rgo f+ QRf+ 2Rfo g € Z,.
Also by (1.2)
QRf+ QRfog~2Rfo TRg = T'Rg + T'*'6 - Rg.

(2.5) PROPOSITION. Suppose Ly + T'*'@ oy € Z, and ¢ is linear relative to
Fis Tyrevosly. Then 24y = aT' "I + Ty’ (with a € Z, and Y’ = R'QY) and ' is

s'n-

linear in the first r, — 1 variables. Also
Q¥ + Q¥ °f+aQ, Rf+ Q¥ EZ.
Moreover, Y’ is linear in the first r, variables if and only if a =1 and Q, Rf =~ Q, y.

PROOF. Since
02y +Q 2y f+ QlTI\P + Q1T1+10 oy =029+ Q2o fEZ,,
we have Q,2¢ € Z,. Thus 2¢ = ¢,I + TR2y for some ¢, € Z,, and
col + TR2Y + co(1+ TRF) + TRy o f+ Ty + T'9 0 y € Z,.

If /=1, then with ¢y =a and ' = R2¢y we have ¢’ +y' o f+ ¢ +aRf+
T8 oy € Z,. Since y + aRf + TO o | is linear in the first ;, — 1 variables, so also is
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Y’ + ' o f. Thus by (1.5), ¢’ is linear in the first r, — 1 variables. Hence Q, (Y" ° f)
= Q, ¥’ ° f. Since also Q,(T0 ° ¥) € Z, we have

Q¥ +Q¥ o f+ Q¥ +aQ RfE Z,.

If / > 1, then
ROy + ROy o f+ coRI+ T W+ Thoy € Z,.

Since coRf + T'~ 'y + T'6 o  is linear in the first r;, — 1 variables, so also is Ry
and

0, R2Y + Q,R2Y o f+ ¢oQ, Rf € Z,.
Now the assumption p(Q,IRE’pr) > () leads to the contradiction

p(Q,R2¢) + p(Rf) = p(coQ, Rf ) < p(RS).
Thus p(Q, R2¢) = 0, and so ¢, = 0. Hence 2¢ = TR2y and
R+ RAyo f+ T+ Tlhoy € Z,.

We prove inductively that if s </ then 2y = T*R*2y. Suppose 2¢ = T*7'R*7'Q4.
Then R*7'Qy + R'Qy o f+ T!"s*ly + T!"5*29 o y € Z,. Hence

Q,R"'2y + QR*"'Qy o fE€ Z, and so Q,R°'2¢y € Z,. Thus
R'Qy =c,_ I+ TR*Qy for some c,_, € Z, and

eoJ + TRQY + c,_ (I + TRF) + TR*Qy o f

+TI Y + T 20y € Z,.
Since ¢,_Rf + T'~*¢ + T'~**'0 o y is linear in the first r, — 1 variables, so also is
R*24y and
erRSQ"I/ + erRsQ\I/ ° f+ Cs—lerRf € ZZ‘

Now p(Q, R°2¢) >0 leads to a contradiction on spans, while p(Q, R°2¢) = 0
implies ¢,_, =0 and R*"'Qy = TR*2y, so that 2y = T*R°24y. It follows that

QY =T/"'R""'2¢y. As before we have R'~'Qy =c¢,_,I1+ TR'2y for some
¢_, €Z,, and

R'Qy + R'Qyo f+c Rf+y+Thoy € Z,.
Thus with ¢,_, = aand R'Qy = ¢/,
Q¥ + Q¥ o f+taQ Rf+ Q€ Z,.
Finally, 0, ¢’ € Z, implies p(aQ, Rf + Q,¥) = 0. Since p(Q, §) > 0, it then follows
thata = 1and Q, Rf = O, y.

(2.6) THEOREM. Suppose g € £, and Rg is nonlinear. Then for each v = 2, Rg® is
linear relative to s, $5,...,8,4, With s, ., > s, for some n.

PROOF. Proposition (2.2) deals with the case when Rg is linear relative to
S15 82558, With s, >s for some m. All other block maps f€ £,, with Rf
nonconstant, are of the type studied in (2.4) and (2.5). For such maps

QRf*=aT'"'1+ T'Y
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with ¢’ linear in the first r, — 1 variables, and
Q¥ + Q¥ of+aQ Rf+Q Rf* € Z,.
By the same arguments as those used in the proof of (2.1)
p(Q,Rf*) + p(Rf) = p(Q.Rf) + p(Rf*) = p(Q, Rf) + »o(RS).

Thus p(aQ, Rf + Q, Rf*) >0 and so p(Q,¢¥") > 0. Since §’ is linear in the first
r, — 1 but not the first r, variables, 2Rf” is linear in the first 7, + / — 1 but not the
first r, + [ variables. Thus Rf” is linear relative to ry, r5,...,r,, r, + [ withr, + 1 >r,.

3. The sums of powers theorem. In view of Theorem (2.6), a block map f for which
Rfis linear relative to ry, r,,...,r, with r, < r, for 2 < i <n(or n = 1) is not a power
of any other block map. We now show that such a block map commutes at most
with sums of odd numbers of its powers.

(3.1) PROPOSITION. Suppose Ly + bT'0 + cT'*'0 oy € Z,, b,c € Z,, and ¢ is
linear relative to ry, ry,...,r,. Then Q¢ = aT'"'I + T'Yy’ (with a € Z, and
V' = R'QY). Moreover, Y’ is linear relative to r,, r,,...,r, and LY’ + aT' € Z,. If
p(2¢) =0 and p(2¢)>0 then a=1 and 2y =2Rf. If p(2Yy’) >0 then

p(2¢") = p(2¥) — p.

ProOF. The proof of Proposition (2.5) needs little modification to show that in
this case also

erll/ + er‘l/ ° f+ aerRf+ Qr,xp € ZZ‘
Now aQ, Rf +Q,¥ is linear relative to r,,...,r, (if n>1). Thus so also is
0, + 0,y °f, and by repeated application of Lemma (1.5) Q,¢’ is linear
relative to r,, r5,...,r,. Thus
QY + 2y e f+aQRf+ 2Y
=Y + Q' o f+a(T" T+ T'0)+alT"" "1+ Ty
=Ly +aT'0 € Z,.

If p(2¢’) =0 then a2Rf+ 2y € Z,. Thus if also p(2¢) >0 then a =1 and
9y ~ 2 Rf. On the other hand, if p(2¢’) > 0 then

p(29" + 2y o f+a2Rf) = p(2¢') + p = p(2¢).

(3.2) Notation. Let ¢ be a block map which is linear relative to r|, r,,...,r, and for
which Ly + T'*'8 o y € Z,. Associate with ¢ a sequence of constants a,, a,, a,,. ..
by repeated application of Proposition (3.1). Let ¢ =4, and for i>0 let
29 = a, T+ Tl

Note that for large enough i both @, = 0 and ¢, = 0. Note also that if Ly +
T*'9oy€Z,and Lo + T'"'9o¢p € Z, then L(Y + ¢) + T' 00 (Y + ¢) € Z,
and a,(y + ¢) = a,(¢) + a,(¢) for all i = 0.

(3.3) PROPOSITION. Suppose Ly + T'"'0 o y € Z, and  is linear relative to ry,
Fyyevosty If p() > 0 then p(Y) = tp for some t = 1. If t = 1 then ¢ = Rf. If t > 1
then a,_(y) = 1.



SUMS OF POWERS THEOREM FOR COMMUTING BLOCK MAPS 235

PrOOF. If p(2¢) =0 then T'Yy + T'"'9 oy € Z, so that p(¢) =0. Hence
p(2¢) >0 and

p(TY+ T'*'90y) =p(2¢9 + 2y o f)

so that m + p(y) = p(2¢) + p. Moreover, if p(2y,) = 0 then Proposition (3.1)
ensures that a, = 1 and 2y =~ 2 Rf. Then

Ly +T"*'00y=QRf+QRfo f+T'Yy+ T'"00y € Z,,
ie.,
(TI+TO) o (I+f)+ (T I+ T9)oTy € Z,.

Thus from Lemma (1.3) we have Rf =~ and p(¥/) = p.

However, if p(2¢,) >0 then there exists =2 such that p(2y,_,) >0 and
p(2¢,) =0. Then a,_, =1 and p(2v,_,) = p(2Rf) = m. But Proposition (3.1)
also ensures that p(2vy,_,) = p(2¢,_,) — p = p(2¢,) — (¢ — 1)p. Thus
p(2¢,_) =p(¥) + m—p— (¢ — 1)p and p(¥) = 1.

(3.4) PROPOSITION. If Ly + T'*"' o € Z,, and { is linear relative to r,, Pyyeenslys
then  differs from a sum of remainders of powers of f by at most a constant.

PROOF. Proposition (3.3) ensures that p(y) = tp and if 7 = 1 then ¢ ~ Rf. Now let
t>1. Then by Proposition (2.4) LRf'+ T'*'9o Rf' € Z, and L(y + Rf") +
T'*'9o (y + Rf') € Z,. Since p(Y + Rf') < max{p(y), o(Rf")} =1p we have
p(y + Rf')=sp with s<t. But a,_(y + Rf')=a,_ ¢y +a,_Rf ' =1+1=0,
so that p(y + Rf') # tp. If we assume inductively that the result holds for ¢ with
p(Y¥) = sp, s <t, then we obtain the result for ¢ with p(y) = 1p.

(3.5) THEOREM. Suppose f € £, and Rf is linear relative to ry, r,,...,r, with r, = 1
andr,<r forl1<i<n(orn=1),and Q,--0,,0, Rf is a nonconstant linear map.
Then every member of C*( f) differs from the sum of an odd number of powers of f by
at most a constant.

PROOF. Suppose g € C*( f). Then g = f° + TRg, and Propositions (2.4) and (3.4)
ensure that Rg differs from a sum of remainders of powers of f by at most a
constant. Since TRf" = f° + f”, if Rg is the sum of m remainders of powers of f
then g is the sum of 2m + 1 powers of f.

4. The small and large period theorems. The commuting block maps problem was
solved completely in [1] for block maps of the form f(xgse X)) = x40 +
ITK | (x; + 8,) where k = 2. If the least period of the sequence of constants 8,...8, 1is
p then p <3k implies that C*(f) is the set of powers of f while p > 3k implies
C*(f) is the set of all sums of an odd number of powers of f. As a corollary to
Theorem (3.5) the same result will now be proved to hold for block maps of the form
f=xo+ 05 (x,; +8), k=2, m=1.

Let 9, ., denote the set of block maps f(x,,...,x,,) € F,,,, which depend
only on the variables x,,, 0 <j < n. Strictly, f € §* _, if and only if

m

f(xs Xpsee X130, X1, X)) F(Xg, X1y X1 Ly Xy e X,) 70
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for some block (x4, X,...,%;_ |, X;4 - -,X,,,) implies that i = jm for some j. Thus
if fE€F¥ ., and (xg,...,X,,,), (yo,...,ym,,) are two blocks with x;, =y, for
0<j<n then f(xy,...,%,,,) = f(Vos---sVmn)- It follows that the map b:
Gnt1 = Fnits

D (X0s Xpms XamseeesXmn) = S(Xgs X1s XgsevvrX,)

is well defined.
The map p has the following properties.

(4.1) LemMA. If f, g €% .\, then f=g if and only if pf=1pg Also
p(f+g)=nftrg

(42) Lemma. If f€ G ., and g€ mq+1> then foge Gx . . and
p(fog)=nfebg.

PROOF. Certainlyfe g €%, .1 I o(xy,... sXiim) = XimXiype - - Xy then¢ o g
depends only on the variables x; ;5),, 0 <A < q l<»< < p. Since Rf is a sum of
such functions ¢ and composition distributes on the left, f o g depends only on the
variables x;,, 0 <j<p+ q. Moreover, p(¢°g)=pdopg and consequently

jm>

p(feg)=nfobpg

(4.3) LEMMA. Let f = xo +IE, (x +8) =T+ T+ 8), k=2, m=>1.
If g€ C*(f) then g € F* .| for some n. Moreover, g € C*(f) if and only if
pgECHpf)

PrROOF. The block map Rf is linear relative to r, r,,...,r,_; with r,=m,
l<i<k—1land Q, ...Q,0,Rf=T"+ §. Thus by Theorem (3.5), g differs
from a sum of an odd number of powers of f by at most a constant. Hence, by
Lemma (4.2), g depends only on the variables x,,, 0 <j. Then go f= fo g if and

only if p(g o f) = p(fo g) which occurs if and only if pge pf=pfopg.
(4.4) THEOREM. Suppose f = x, + [1% | (x,,; + 8,), k =2, m = 1, and suppose the
least period of the sequence of constants 8,...8, is p. Then p < 3k implies that C*( f)

is the set of powers of f while p > 1k implies that C*( ) is the set of all sums of an odd
number of powers of f.

Proor. From Lemma (4.3) and Theorems [1] (5.3), [1] (6.11), if p < $k and
g EC*(f) then pg=(pf)"=p(f") for some n. Thus g = f". Conversely,
f™ € C*(f). On the other hand, if p > 7k and g € C*(f) then
2A+1 2A+1

S (nf)"=p 3 fm

i=1 i=1

Thus g = 3221 f™. Conversely, 322! f" € C*(f).
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